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Abstract

The purpose of this paper is understand and admire the complexi-
ties that arise when studying finite abelian groups, as well as introduce
techniques with which one can simplify the calculations and further ex-
plore the encoded data of a structure with such properties as above.
As such, it is the aim of the authors to provide intuitive language to
convey a concept and then introduce formal definitions.



Introduction

An abelian group is a group G in which ab = ba,Va,b € G. This property,
as it turns out, is also related to what is called the internal direct product
(defined below). We will use this direct product to state the main theorem
of this paper and break it down into pieces which can be proved sequentially
and put together to form a proof of the entire concept.

The Fundamental Theorem

Theorem 1 (The Fundamental Theorem of Finite Abelian Groups). Every
finite abelian group is a direct product (e.g. RxR ) of cyclic groups of prime
power order (e.g. Zy x Zq ). Moreover, the number of terms in the product
and the orders of the cyclic groups are uniquely determined by the group.

For a group G to be cyclicE]it must be the case that dJa € G : < a >= G,
where < a > is read as “The group generated by a,” and understood to mean
“...generated under the operation of the main group, G.”

The term ”direct product” is somewhat ambiguous and depends upon the
context in which it is used. Intuitively speaking, an external direct prod-
uct is a product of groups, commonly referred to as the “cross product,”
and it might seem more natural to the reader to consider products of vector
spaces, i.e. it gives a set of coordinates. This is what many authors cite
as simply ”a direct product.” An internal direct product, on the other
hand, is essentially a product within a set. In all actuality — as we will see
— the definitions are more technical and provide the necessary insight.

Definition 1. For groups G and H, the External Direct Product is the set
of ordered pairs (g, h), denoted Gx H, where GxH = {(g,h)|lg € G,h € H},

and when multiplication is defined as below, G X H forms a group:

L4 (91792)_1 = (9;17951); and

e ¢ =(e1,e,...,e;) for a product in which there are j factors.

IFor further reading on the subject of cyclic groups and their importance in Group
Theory, see Gallian, Joseph: Contemporary Abstract Algebra, 9th Ed.



What’s important to note here is that a typical element from an external
direct product should look like the Cartesian coordinates to which we have
become accustomed. However, an internal direct product forms a group, as
we will now see.

Definition 2. For a group G with subgroups H and K, G is said to be their
Internal Direct Product if, for h € H, k € K:

e HNK = {0}
e hk = kh, and
e HK =G

Proof of the Theorem

Being that this theorem is deceptively complex and the mathematical con-
cepts it contains are inherently rich, one feels obligated to break it down into
smaller pieces in order to effectively impart the ideas within. And, because
we are going to use it below, we will now state another theoremE]

(Cauchy’s Theorem for Abelian Groups) Let G be a finite abelian
group and let p be a prime that divides the order of G. Then G has an
element of order p.

Lemma 1. Let G be a finite abelian group of order p™m, where p is a
prime and p { m. Then G = H x K, where H = {x € G|a2?" = e} and
K = {x € G|z™ = e}. Moreover, |H| = p"

Proof. Because G is an abelian group, it can be taken for granted that H
and K are subgroups. If that’s not clear, note that the commutativity en-
sures that the inverses exist for the elements in each set, thus giving way for
the identity to be in each, and because each set consists of elements with
finite order, we are closed under operation. Therefore, we must necessarily
show only that G = HK and H N K = {e}.

Since p /lm, we have that ged(m,p™) = 1. This — by Bezout’s Identity
(or Lemma), given below — tells us that there are integers s and ¢ such that

2@Gallian, Joseph: Contemporary Abstract Algebra, 9th Ed.



sm +tp" = 1. For any = € G, we have that x = a! = 5™ T?P" = gsmgtr",
This is by Lagrange, which we will use several times again throughout. Be-
cause of the fact that any element x € G can be written as above, we know
we are considering all of G when we do so. There are two cases to consider
after that: either x € H, or x € K. If  happens to be in H, then z?" is
going to be the identity, whereas if x happens to be in K, *™ gives the iden-
tity. Thus, 5™ € H and z?" € K. This is really important for the reader
to understand. It can take some intuition and background knowledge to
come to the conclusion. The key piece of information comes from Bezout’s
Lemma which guarantees that: for a,b € Z,3s,t € Z||as + bt = gcd(a,b). In
our proof, we’ve used the fact that ged(p™, m) = 1, which allows us to ”cy-
cle” back around to the identity element at convenient places (i.e. such that
multiples of an element in G can be conveniently found in H or K. Combine
all of this with the fact that |G| = p™m, and this means that ™ € H and
2P" € K. Thus, G = HK.

Now, suppose that there exists some z € H N K. Then zP" = m.
and then we know that |z| divides both p™ and m.. Since gcd(p,m) = 1,
|z| = 1, which means that z = e, and thus, H N K = {e}.

€ =T

Now, the second thing stated in the lemma above is that |H| = p™. Note
that p"m = |G| = |HK| = |H||K|/|H N K| = |H||K|. This is because for
two finite subgroups H and K of a group, the set HK = {hk|h € H,k € K}
and |HK| = |H||K|/|H N K]|. Since we’ve already found that H N K = {e},
we then conclude the statement above.

Then, using Cauchy’s Theorem for Abelian Groups, we say that p does not
divide | K|, so it must divide |H|. Therefore |H| = p". O

If it’s still not clear why this is the case, perhaps it is necessary to state
Sylow’s First T heorenﬁ here, since we will also be using it below in Lemma 2.

(Sylow’s First Theorem) If G is a finite group and p is a prime such
that p* divides |G|, then G has at least one subgroup of order p*.

What this theorem tells us about the lemma above, is that since p™ di-
vides |G|, there necessarily must be a subgroup of G with order p"”. And
since p doesn’t divide |K|, we have that p divides |H]|, telling us that H
must be that subgroup guaranteed by Sylow.

3Gallian, Joseph: Contemporary Abstract Algebra, 9th Ed.



What we showed in the above proof is that, if we have an abelian group
G, where the order of G finite, but essentially arbitrary, we can break it
down into a product of a subgroups H with prime-power order, and K,
where | K| isn’t initially important, other than it doesn’t share a factor with
|H|. We then conclude fairly simply through induction that this can be done
until the orders of the subgroups can no longer be broken down (i.e. they’re
now all prime-powered subgroups of G. We state our findings in a manner
that’s more mathematically precise: Given an abelian group G with |G| =

ni, no

J R A with all the p’s being distinct primes, we let G (p;) denote the

set {z € G||la?i" = e}. We then conclude that G = G(p1) x G(p2) X ... X G(pg)
and |G(pi)| = p;"".

Lemma 2. Let G be an abelian group of prime-power order, p™, and let a
be an element of mazimum order in G. Then G can be written in the form
<a>xK. That is, G =< a > xK.

Proof. Since G is of order p™ for some prime p and some integer n, we know
(by Lagrange) that elements in G must have orders that divide said prime
power and thus must be of order p* such that k& < n. At the risk of being
redundant, Cauchy and Sylow can give us the existence of such elements and
their relative subgroups within G. Cauchy says that if G is a finite abelian
group and p is a prime that divides |G|, then G has an element of order p.
Sylow then says that if G is a finite group and p is a prime such that p*
divides |G|, then G has at least one subgroup of order p¥.

We then choose an element a € G such that a is of maximum order within
G. As above, we know by Lagrange that |a| divides |G| and we generate a
group with a. Thus, < a > has order p¥, where k < n. However, if k = n,
then we can see that G=< a >, and we’re done. So we will only consider
the case when k < n.

Now consider division of these group orders — that is, |G|/| < a > |. This is

p" /ot =p"h

And note that — by Sylow, again — since p"~* divides the order of G, there
must necessarily exist a subgroup of order p"~*. Call it H. Since G is
abelian, to show the isomorphism G =< a > xH, we only need to show
that G =< a > -H, and < a > NH = {e}.

Because of the fact that we want < a > NH = {e}, we’ll only consider
a set of such subgroups K C G and work from there to find H. Choose
the subgroup of maximum order in K and call it H. The requirement for



maximum order will become clear later. For now, though, we have chosen a
group that has a trivial intersection with < a >, by definition.

Now, suppose that G #< a > -H. Then there exists some y € G such that
y €< a > -H. Now let r be the smallest number such that y?" €< a > -H.
Since the max order of elements in G is p* and r < k, then

k
Yy =ee<a>-H

Let =z = ypril. Since 7 was the smallest number such that y?" was in the
product, z is not in the product. However, 2P = (ypril)p =y €<a>-H.
So there exists an z € G such that * €< a > -H, but 2P €< a > -H.
Let 2P = a%h such that ¢ € Z, and h € H. Again, since the max order of
elements in G is p*, then

k k—1

e=a"" = (2P = (aqh)pk‘l

k—1 k—1
— q®" P

Since e = a®" 'h?" "', we can conclude that a®* "' = hP"" € H. But
a®?" ' €< a >, which implies that a?" " €< a > NH = {e}. Thus,
a®?" "' = ¢ and implies | < a>|divides |a‘”’k_1 |, so p¥ divides gp*~!, which
implies that p|q. Let ¢ = ps, for some s € Z. With x €< a > -H,za ° ¢ H.
But,

(xa™®)P = 2Pa™P% = 2Pa™1

Since 2P €< a > -H, xPa~% = h for some h € H.

Suppose that K =< za™® > -H. Then < za™® >C K, which implies
that xa™ € K. But za™° ¢ H, so H # K. Therefore, since H has max
order, then < a > NK # {e}. Let b €< a > NK, where b # e. Then
b=<a>N< xa® > -H and there exists t,u € Z and I/ € H such that
b= a' = (za=%)“h’. Lets claim that p does not divide u. Suppose it does,
then u = pv for some v € Z. That would mean

b= (za ®)"h = (xza *)""h' = ((xa=*)P)"h’

Since we have already found that 2Pa~7 € H, then ((za=*)P)"h’ € H. There-
fore, b € H. But, b €< a >, s0 b €< a > NH = {e}. This is a contradiction
since b # e. Thus, p does not divide u. Given that p is a prime and p does not
divide u, then ged(p, u) = 1. Again, by Bezouts Identity, there exists integers
w and d such that pw + ud = 1. Therefore, x = x! = gPv+ud = (gP)w(z%)4
Since P €< a > -H, then (zP)” €< a > -H. Now given it was found that
b=e,
b=a' = (za *)"h' = 2%a """ =e



So, % = (a**h')"! €< a > -H. Therefore, (z*)¢ €< a > -H. So, x =
(zP)?(z*)¢ €< a > -H, which is a contradiction by how z was originally
chosen. Thus, G =< a>-H and G =< a > xH

We can consequently apply this method to H to get H =< a; > xH; for
some a1 € H. We continue this until the the product of all cyclic subgroups
orders is equal to that of G. Therefore since G is finite and of prime-power
order, it can be expressed as an internal direct product of cyclic subgroups
of power p. O

Lemma 3. Fvery finite abelian group G is uniquely isomorphic to an in-
ternal direct product of cyclic groups of prime power order and decomposes
into the same number of factors.

Proof. Let G1 be a finite abelian group of order p” . By Lemma 1 and 2,
G1 = H; x Hy x --- x H, where each H; is cyclic, nontrivial, and of prime-
power order. Now let |Hy| > |Hs| > -+ > |H,| to accommodate reordering.
So,

(Hy| = p, | Hol = 5, . |Ho| = pl

Now, let Gy = Zp;n @Zp;2 éb... Zpgr such that ’Zp;” | > |Zp;2‘ > > |Zp7”}r |.
By definition, the order of a group Z, is equal to n. So, ]Zp?1| = p* and
|Hq| = |Zp?1 |. Consequently, |Ha| = \Zp;zg |y |[Hp| = |Zyrr|. Therefore, Gy
and G2 decompose into the same number of factors, r, and [H;| = [Z,n].
Since both are cyclic and of the same order, then H; = Z,;»; . This impiies
that G1 = Ga, and |G| = |G| = p'ph?...pIm where each p; is distinct. So
(51 is uniquely isomorphic to an internal direct product of cyclic groups of
prime power order. O

Thus, we have proved that every finite abelian group is the direct product
of cyclic groups of prime-power order, and the decomposition of the group
product is unique up to reordering of the factors. Lemma 1 showed that we
could start the decomposition, Lemma 2 showed that we could continue
it inductively, and lemma 3 showed that we would end up with a unique
factorization. However, as this was quite a long proof, we will now proceed
with some examples.

Example 1. Let G = U(24) = {1,5,7,11,13,17,19, 23}.

The above notation, G = U(24) can be read as “the group of invertible
elements mod 24,” and will be used in this example and the next. Since G



has order 8, then it is isomorphic to one of the following three options,
Zg

Z4XZ2
ZQXZQ XZQ.

The following table shows the elements and their order:

Now by Lemma 1, the order of G can be written as the product of some
prime power and an integer m. However, we see that the order of G is just
of prime power order 23. So we turn our attention to Lemma 2 and examine
G as a group of prime power order.

Let a be an element of maximum order in G. So let < a >=< 5 >, which
has order 2. Since |G| # | < 5 > |, then G #< 5 >. Thus, there exists a
subgroup H such that G =< 2 > xH. By Lemma 2’s Sylow preliminary,
G|/l <5 >]=(2%)/2') = (8/2) = 4 = |H|. So, now we must consider all
subgroups H € G of order less than or equal to 4 such that < a > NH =e.
We know H has order less than or equal to 4 since each subgroup can be
decomposed into smaller groups of prime power order. We can now apply
Lemma 2 to H. So, let b be an element of maximum order in such subgroups
H. Since there does not exist an element of order 4 nor 3, let < b >=< 7 >
of order 2. Since |H| #| <8 > |, then H #< 8 > and H =< b > X < Hy >.
Therefore, |H|/| < 8 > | = (22)/(2') = (4/2) = 2 = |Hs|. Now we must
consider all subgroups Hy € G of order less than or equal to 2 such that
< b > NHy = {e}. We apply Lemma 2 to Hs. Let ¢ be an element of
maximum order in such subgroups Hs. So let < ¢ >=< 11 >, which has
order 2. Since, |Ha| = | < ¢ > | then Hy =< ¢ > and we're done with this
step. Therefore,

Element ‘

(1113 ]17 [ 19|23
Order ‘

2l2f2]2]2

1156|7
11212

GE<a>X<b>X<e>=<b>X<T>x<1l>.
Let p}* = 2. So by Lemma 3,
|<5>|=2=2=p

|Z2‘ :2:21:p1111



| <5 >|=|Zs.
Hence by a similar application to < 7 > and < 11 >, we see that
<5 >=7s
< T >=7s.
<11 >= 7.
Therefore, G = Zo X Zo X Zo.

Example 2. Let G = U(21) = {1,2,4,5,8,10,11,13,16,17, 19, 20}.

Since G has order 12, then it is isomorphic to one of the following two
options,
Ziog = 2y X L3

ZGXZQ§Z3XZQXZQ.

The following table shows the elements and their order:

Element ‘
Order ‘

1[2]4|5|8]10]11|13]16][ 171920
1 2166|2366/ 2

Now by Lemma 1, the order of G can be written as the product of some
prime power and an integer mj. So, let pi' = 3! and m; = 4. Now, we
can decompose m similarly such that it is also the product of some prime
power and an integer. Let m = p5?mg = 4. So, we see that 4 can be written
as 22. Thus, |G| = p!'ph? = 31 x 22, Let A and H be subgroups of G such
that their orders are 3! and 22 respectively. Therefore, G = A x H. We turn
our attention to Lemma 2 and examine each subgroup A and H of prime
power order.

Let a be an element of maximum order in such subgroups A. Since
A has order 3, then we must pick an element in G such that its order is
less than or equal to 3. So, let < a >=< 4 >. Since |[A] = | < 4 > |,
then A =< a >=< 4 > and we are done with this step. So, now we must
consider all subgroups H € G of order less than or equal to 4. Let b be an
element of maximum order in such subgroups H such that < b > NH = {e}.
There does not exist an element of order 4 and the group generated by the
element of order 3 (< 16 >) is the same as < a >. By Lemma 1, we see
that AN H = {e}, so H does not have an intersection of only the set {e} if



this second group of order 3 is chosen. Then were left with groups of order
2. We can now apply Lemma 2 to H. So, let < b >=< 8 >, which has
order 2. Since |H| # | < 8 > |, then H #< 8 > and H =< b > X < Hy >.
Therefore, |H|/| < 8 > | = (22)/(2!) = (4/2) = 2 = |Hs|. Now we must
consider all subgroups Hs € G of order less than or equal to 2 such that
< b > NHy = {e}. We apply Lemma 2 to Hy. Let ¢ be an element of
maximum order in such subgroups Hs. So let < ¢ >=< 13 >, which has
order 2. Since, |Hz| = | < ¢ > | then Hy =< ¢ > and we're done with this
step. Therefore,

G2E<a>X<b>X<e>=<4>Xx<8>x<13>.
Let p* = 3. So by Lemma 3,

|<4>|=3=3"=p
|Z3] = 3 =3 = pi*
| <4>|=|Zs]

Hence by a similar application to < 8 > and < 13 >, we see that
<4>=73

< 8 > Zo.
< 13 >= Zos.

Therefore, G = Zg X Zo X Zso.

Example 3. (Alternate Approach) Let G = U(21) = {1,2,4,5,8,10,11,13,16,17,19,20}.

Since G has order 12, then it is isomorphic to one of the following two
options,
Do = 2y X 73

Z(;XZQgZi;XZQXZQ.

Now by Lemma 1, the order of G can be written as the product of some
prime power and an integer m such that 12 = p"m = 22 % 3. However, as
seen in Lemma 1, G can be decomposed into subgroups of order p™"m; i.e.
G = H x K such that H = pi"* and K = p3*>m; = py*p3®. So, we turn our
attention to Lemma 2.
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Let a be an element of maximum order in G (refer to the table in Ex.
2). So, let < a >=< 2 >, which has order 6. Since |G| # | < 2 > |, then
G #< 2 >. Thus, there exists a subgroup H such that G 2< 2 > xH. By
Lemma 2’s Sylow preliminary, |G|/| <2 > | = (22%31) /(2! x31) = (12/6) =
2 = |H|. So, now we must consider all subgroups H € G of order less than
or equal to 2 such that < a > NH = {e}. We can now apply Lemma 2 to
H. So, let b be an element of maximum order in such subgroups H. So, let
< b>=< 8 > of order 2. Since, |H| =| < b> | then H =< b > and we're
done with this step. Therefore,

GE<a>X<b>=<2>x<8>.

Let p'py? = 21 x 31, So by Lemma 3,

|<2>|=6=2"%3"=phph?
Zg| = 6 = 2" % 31 = p}1ph?
| <2>| = |Zg|.

Hence by a similar application to < 8 >, we see that
<2>%7g

< 8 > Zs.

Therefore, G = Zg X Zo and Zg X Zo = Zg X Zo X Zo by our previous result.
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